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1 Introduction 



Let F be a non- Archimedean local field and let p be the residual characteristic 
of F. Let G = GL 2 (-F) and let P be a Borel subgroup of G. In this paper 
we study the restriction of irreducible F p -representations of G to P. We 
show that in a certain sense P controls the representation theory of G. We 
then extend our results to smooth modules of finite length and unitary 

fT-Banach space representations of G, where O is the ring of integers of a 
complete discretely valued field K, with residue field F p and uniformizer %. 

The study of smooth irreducible F p -representations of G have been initiated 
by Barthel and Livne in PQ. They have shown that smooth irreducible Fp- 
representations of G with central character fall into four classes: 

(1) one-dimensional representations \ o det; 

(2) (irreducible) principal series Indp (xi <8> X2), with xi X2', 

(3) special series Sp ®x det; 

(4) supersingular. 

Here, Sp is defined by an exact sequence 

0^1^ Ind£ 1 -> Sp -> 0, 

and the supersingular representations can be characterised by the fact that 
they are not subquotients of Ind P x f° r an y smooth character x '■ P ~^ F p . 
Such representations have been classified only in the case when F = Q p , by 
Breuil If F ^ Q p no such classification is known so far although in a 
joint work with Breuil we can show that there are "a lot more" supersingular 
representations than in the case F = Q p . 

The main result of this paper can be summed up as follows: 

Theorem 1.1. Let tc and it' be smooth F ^-representations of G, such that n 
is irreducible with a central character, then the following hold: 

(i) if it is in the principal series then tt\p is of length 2, otherwise tt\p is 
an irreducible representation of P; 

(ii) We have 

Hom P (Sp, tt') = Hom G (Ind£ 1, tt'), 
and if tt is not in the special series then 

Homp(7r, tt') = Homc(7r, tt'). 
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The first part of this Theorem and the second part with n' irreducible is 
due to Berger J2J in the case F = Q p . Berger uses the theory of (0, T)- 
modules and the classification of supersingular representations. Our proof is 
completely different and purely representation theoretic. In fact this paper 
grew out of trying to find a simple representation theoretic reason, to explain 
Berger's results. Vigneras in jB] has studied the restriction of principal series 
representation of split reductive p-adic groups to a Borel subgroup. Her 
results contain the first part of the Theorem in the case 7r is not supersingular 
and F arbitrary. 

Using the theorem we extend the result to smooth 0[G] modules of finite 
length. 

Theorem 1.2. Let tt and tt' be smooth 0[G] modules and suppose that ir is of 
finite length, and the irreducible subquotients of tt admit a central character. 
Let 4> G Homc)[p](7r, 7r') and suppose that <f> is not G-equivariant. Let r be be 
the maximal submodule of n, such that <p\ T is G-equivariant, and let o be an 
irreducible G-submodule ofn/r, then 

a = Sp (8)6 o det, 

for some smooth character 5 : F x —> F . Moreover, choose v E n such that 
the image v in o spans a 11 , then IL(f>(v) — <f)(ILv) ^ 0, £^k(II0(V)— = 0, 

and 

g(U(f>(v) - <P(ILv)) = 6(det g){n<f>(v) - <j>(Uv)), Vg e G, 
where IT and I\ are defined in §3 

This criterion implies: 

Corollary 1.3. Let Hi and Il 2 be unitary K-Banach space representations 
of G. Let ||.||i and ||.||2 be G-invariant norms defining the topology on ITi 
and Il 2 . Set 

L x = {v G IIi : |H|i< 1}, L 2 = {v G n 2 : \\v || 2 < 1}. 

Suppose that Li ®o F p is of finite length as 0[G] module and the irreducible 
subquotients admit a central character. Moreover, suppose that if Sp ®<5 o det 
is a subquotient of Li®qF p , then <5odet is not a subobject of L 2 ®o^p, then 

£ G (n 1; n 2 ) = £ P (n l5 n 2 ), 

where C(Hi,U.2) denotes continuous K-linear maps. 
Moreover, Theorem 11.11 implies: 
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Corollary 1.4. Let U be a unitary K-Banach space representation of G, let 
||.|| be a G-invariant norm defining the topology on IT. Set 

L = {v G n : \\v\\< 1}. 

Suppose that L ®o F p is a finite length 0[G] module, and the irreducible 
subquotients are either supersingular or characters, then every closed P- 
invariant subspace of IT is also G-invariant. 

According to Breuil's p-adic Langlands philosophy a 2-dimensional p-adic 
representation of the absolute Galois group of F should be related to a unitary 
fT-Banach space representation of G, see a forthcoming work of Colmez for 
the case F = Q p , where the restriction to a Borel subgroup plays a prominent 
role. However, if F ^ Q p it is an open problem to construct such unitary 
fC-Banach space representations of G. We hope that our results will help to 
understand this. 

Acknowledgements. This paper was written while I was working with Chris- 
tophe Breuil on a related project. I would like to thank Christophe Breuil for 
his comments and for pointing out some errors in an earlier draft. I would like 
to thank Eike Lau for a stimulating discussion, which led to a simplification 
of proofs in section £0 I would like to thank Florian Herzig and Marie- France 
Vigneras, their comments improved the original manuscript. 

2 Notations 

Let o be the ring of integers of F, p the maximal ideal of o, and let q be the 
number of elements in the residue field o/p. We fix a uniformiser w and an 
embedding o/p "—>■ F p . For A G F q we denote the Teichmiiller lift of A to o 
by [A]. Set 

;). -(: -ft ;)■ 

Let P be subgroup of upper-triangular matrices in G, T the subgroup of 
diagonal matrices, K = GL 2 (o) and 

/= (p o°x)' /i= Cp P i + p)' Ki = Cp P i + p)- 

All the representations in this paper are on F p -vector spaces, except for 
section ^ 
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3 Key 



In this section we show how to control the action of s on a supersingular 
representation ir in terms of the action of P. All the hard work here is done 
by Barthel and Livne in pQ, we just record a consequence of their proof of 
PQ Theorem 33. 

Let a be an irreducible representation of K. Let a be a representation of 
F X K such that w acts trivially on a and a\ K = a. Set T a = c-Ind^ x ^-cr 
and 7i a = Endo^o-)- It is shown in pQ Proposition 8 that as an algebra 
TC a = F P [T], for a certain T G Ha, defined in pQ §3. Fix <p G T a such 
that Suppy? = F X K and ip(l) spans a 11 . Since ip generates T a as a G- 
representation T is determined by Tip. 

Lemma 3.1. (i) If a = ip o det ; for some character ip : o x — > F* , then 

zy = n», + Wj [ ?W 

AeF 9 v / 

(ii) Otherwise, 

agf„ v 7 

Proof. In the notation of this is a calculation of T([l,e,j]). The claim 
follows from the formula (19) in the proof of pQ Theorem 19. □ 

Let ir be a supersingular representation of G, such that w acts trivially. Let 
v G 7r Jl and suppose that (K . v) = a. The Frobenius reciprocity gives 
a G HoniG^jFo-, 7r), such that a(<p) = v. 

Lemma 3.2. There exists an n > 1 such that a o T n = 0. 

Proof. Now HomG(J r -, 7r) is naturally a right 7"C-module; let M = (a.H a ) be 
an T^-submodule of Hom G (^ r ., 7r) generated by a. The proof of pQ Proposi- 
tion 32 implies that dimy M is finite. Let T be the image of T in Endp (M) 

and let m(X) be the minimal polynomial of T. Let A G F p be such that 
m(A) = 0, then we may write m(X) = (X — X)h(X). Since m(X) is minimal 
the composition 

h(T)(F a ) -> ^ -> 7T 

is non-zero. According to [L Theorem 19, is a free 7i CT module, hence 
h(T) is an injection and so /i(T)(jF cr ) is isomorphic to This implies that 
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7r is a quotient of T a j (T — A). Since tc is supersingular [I] Corollary 36 implies 
that A = 0, and hence m(X) = X n , for some n > 1. □ 

Corollary 3.3. Let tt be a supersingular representation, such that w acts 
trivially. Let v G tt 11 be such that (K . v) is an irreducible representation of 
K . Set v o = v and for i > set 



= 

AeF 

Then Vi G tt 1 for alii > 1 and t/iere exists an n > 1, such that v n = 0. 

Proof. Set a = (if . u) . If cr is not a character then Lemma 13.11 (ii) implies 
that i>j = (aoT')(^), for alH > in particular Ii acts trivially on Vi and the 
statement follows from Lemma l3~21 If a is a character, then after twisting we 
may assume that a = 1. Since J acts trivially on IR>o the space (K . (Uvq)) 
is a quotient of Indf 1. Now 



E (J [ ?) <n,„). 



If t»i = then we are done. If V\ ^ then 4] (3.1.7) and (3.1.8) imply that 
(K . Vi) = St, where St is the inflation of the Steinberg representation of 
GL 2 (F g ). We may apply the previous part to v%. □ 

Lemma 3.4. Let tt be a smooth representation of G and let v G tt 11 . Suppose 
that 

'\ [Af 



^ V0 1 

AeF 

T/ien 



tf = 0. 



E 

Proof. We may rewrite 



trjfA- 1 ] 1 

s ' ' " > 1 tu-MA]"'- 



AgFq ^ 7 

If G F x then 



1 WV„,_ A 

o 1 

AeF, 



V. 



i\ fi p\ = f-p- 1 A/i o 

1 o o i I o p l/r 1 1 



(1) 
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Since v is invariant by ( the matrix identity above implies the result. 



Since G = PI\ UPsIi, we will use the Lemma above to show that the action 
of P on 7r already "contains all the information" about the action of G on tt. 



4 Supersingular representations 

In this section we study the restriction of a supersingular representations of 
G to a Borel subgroup. 

Lemma 4.1. Let n be a smooth representation of G and let v G n 11 be non- 
zero, and such that I acts on v via a character x, then there exists j , such 
that < j < q — 1 and if we let 

<"=E*(J i 1 )*" 

AGF„ V 7 

then w G ti 11 and (K .w) is an irreducible representation of K . 
Proof. Set t = (K . (Hv)). For < j < q - 1 set 

xeF q ^ ' \eF q ^ J 

The set {Ik>, u>j : < j < q — 1} spans r. 
If Wo = then Lemma 13.41 implies that 

Since 

for some < r < q — 1, we obtain that r is spanned by the set {vjj : 1 < 
j < q — 1}. Let a be a if-irreducible subrepresentation of r. The space cr* 1 
is one dimensional, so I acts on a 11 by a character. However, one may verify 
that the group 

{(o !H' ?} 
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acts on the set Wj for 1 < j < q — 1 by distinct characters, hence a !l is 
spanned by Wj for some 1 < j < q — 1. 

Suppose that wq ^ 0. If wq and Uv are linearly independent then the natural 
map Indf x s r is an injection, since it induces an injection on (Indf" X s ) 11 ■ 
It follows from [4 (3.1.5) that (K .wo) is an irreducible representation of K. 
If Wo and ITf are not linearly independent then x = X s - It follows from [3] 
(3.1.8) that {K .Wo) is a isomorphic to a twist of the Steinberg representation 
by a character. 

□ 

Proposition 4.2. Let n be a smooth representation of G, and let w be a 

non-zero vector in tc. Then there exists a non-zero v G (P .w) (In 11 such that 
(K . v) is an irreducible representation of K . 

Proof. Since n is smooth there exists k > such that w is fixed by (pk+i • 
Then ui\ = t k w is fixed by ( ^ J . Iwahori decomposition gives us 



h 



P 1 



1 + p o \(l 

o i + p] U i 



Hence, r := (ii . w\) = ((Ji fl P) . Wx). Since I\ is a pro-p group, we have 
t 1v ^ 0, and hence (P .w) fl 7r 71 7^ 0. Let W2 £ (P • w) C\ n 11 7^ be non-zero. 
Since \I/h\ is prime to p, there exists a smooth character x : / — > F* such 



that 



'[A- 1 ] V/[A] 



£ *<(' 

is non-zero. Lemma f4. II applied to W3 gives the required vector. 



□ 



Theorem 4.3. Let tt be super singular, then tt\p is an irreducible represen- 
tation of P. 

Proof. Let w G tc be non-zero. According to Proposition 14.21 there exists a 
non-zero v E (P .w) (Itt 11 , such that a := {K .v) is an irreducible representa- 
tion of K. Corollary 13. 31 implies that there exists a non-zero v' G n* 1 C\(P .v) 
such that 



AeF„ v 7 



According to Lemma 13.41 sv' G (P . v'). Since G = Pl\ U Psl\ and tt is 
irreducible G-representation we have 

7T= (G.v'} = (P.v'} C (P.w). 

Hence, 7r = (P .w) for all w G tt, and so 7r|p is irreducible. □ 

Theorem 4.4. Let tt and tt' be smooth representations of G, such that tt is 
super singular, then 

Homp(7r, 7r') = HomG(7r, tt'). 

Proof. Let G Homp(/T, 7r') be non-zero. Choose v G 7r 71 such that (K .v) is 
an irreducible representation of K. Since by Theorem 14.31 tt\ p is irreducible 
is an injection and hence 0(t>) ^ 0. Since v is fixed by I\ and is P- 
equivariant, we have that <f>(v) is fixed by l\ n P. Since 7r' is smooth there 

exists an integer k > 1 such that 0(f) is fixed by . Suppose that 

> 1. Lemma f4. II implies that there exists j, such that < j < q — 1 and if 

we set 

AeF„ 



then f ! G tt^ 1 and (if . Ui) is an irreducible representation of K. Since is 
P-equivariant, 0(t>i) is fixed by I\ n P and 



AeF 

If a G o and /3 G p then 



t0( V ). 



1 0\ A a\ _ A c^ + a/Tp 1 ^ ((l + afi)- 1 
/3 ly V0 lyl ~ V0 1 J \ (3 1 + apJ ' 

This matrix identity coupled with 

r ' (/-■ i) ' = (p 1 * i 

implies that is fixed by J). By repeating the argument we 

obtain w G tt 11 such that (K . w) is an irreducible representation of K and 
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4>{w) is fixed by ^ ^ . Iwahori decomposition implies that 4>{w) is fixed 
by I\. Set v o = w and for i > 0, 



u *+i = E (J i ) tVi - 

AeF„ 



Since i>j are fixed by I\, <p{vi) are fixed by l\ PI P. Moreover, 



AeF 



£ (J [ ?) *<«.). 



Since 0(t>o) is fixed by Ji, the argument used above implies that are 

fixed by \ \ ^ and hence fixed by 1\. Corollary 13. HI implies that t>„ = 

for some n > 1. Let m be the smallest integer such that t> m = and set 
v < = Vm _ lm Then v' G ir h , <j>(v') G (vr')' 1 and 



£0(V) = 0. 



AeF, v 7 AeFq 
Lemma f3.4l applied to v' and 4>{v') implies that 



[sv 





/-tu[A 

V o 


V AeF* 









AeF, v 





L, ) <j>{v') = s<j>{v') 



Since G = Pl\ U Psl\ this implies that cj>{ii(g)v') = ir'(g)<fi(v'), for all g G G. 
Since 7r is irreducible 7r = (G.v') and this implies that is G-equivariant. □ 



5 Non-supersingular representations 

Let x '■ T — > Fp be a smooth character. We consider it as a character of P, 
via P — > P/Z7 = T. We define a smooth representation k x of P by the short 
exact sequence: 

0^ Kx ^Ind£x^X^0 (2) 

where the map on the right is given by the evaluation at the identity. The 
representation k x is absolutely irreducible by [Sj Theoreme 5. If % = ip a det 
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for some smooth character ip : F 
representation and we obtain 



X 



F p then the sequence splits as a P- 



Sp Cg>?/> o det \p = k 



Lemma 5.1. Let tt be a smooth representation ofG. Suppose thatHomp(x, tt) ^ 
then x extends uniquely to a character of G, and 



Proof. Let G Honip(x, tt) be non-zero, and let v be a basis vector of the 
underlying vector space of x- Since tt is smooth there exists k > 1 such that 



Corollary 5.2. Let tt' be a smooth representation of G. Suppose that x X s 
and let (f) G Homp(Ind P x, 7r') be non-zero, then <fi is an injection. 

Proof. Lemma 15.11 implies that Homp(x, Indp x) = 0- Hence the sequence 
(|2"j) cannot split. So if Ker0 ^ then Ker0 contains k x . Hence, induces a 
homomorphism <f) G Homp(x, tt'). Lemma f5.ll implies that = and hence 



Corollary 5.3. Suppose that x X s then 

Hom P (Indp x, In dp x) - Hom G (Indp x, Indp x)- 

Proof. Suppose that 4>i,4>2 G Homp (Indp x, Indp x) are non-zero, then by 
Corollary 15.21 the restriction of <f>% and 02 to K x induces non-zero homomor- 
phisms in Homp(fJ x , k x ). Since n x is absolutely irreducible this implies that 
there exists a scalar A G such that the restriction of 0i — A02 to k x is 
zero. Now X — A02 G Homp(Indp Xi Indp x) an d is not an injection, hence 
by Corollary 15.21 it must be equal to zero. □ 

Theorem 5.4. Let tt be a smooth representation of G, then the restriction 
to k x induces an isomorphism 



Homp(x,vr) = Hom G (x, tt). 




= 0. 



□ 



i : Hom G (Ind P Xi ^ — Homp(/t x , tt). 
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Proof. If x 7^ X s then the injectivity of i is given by Corollary 15.21 If % = x s 
then the injectivity follows from Lemma 15.11 and lj Theorem 30(1) (b). We 
are going to show that i is surjective. 

Let if i G IndpX be an Ij invariant function such that Suppy^ = PI\ and 
^i(l) = 1. Set 




Then {ifi, if 2} is a basis of (Ind P xY 1 ■ Since G = PK we have 

(Ind£ X ) Xl = Indfx, 

as a representation of K, and hence a = (K . if 2) is an irreducible represen- 
tation of K, which is not a character. We let F x act on o via x- Frobenius 
reciprocity gives us a map 

a : c-Indpx K a — > Indp x- 

It follow from |T] Theorem 30 (3) that there exists A G F*, determined by Xi 
such that a induces an isomorphism 

o-Indf <r/(T - A) = Ind£ X , 
where T G Endc(c-Ind^x^- er) is as in section §H1 Lemma l3~T1 implies that 

Let ^ G Homp(ft x , 7r) be non-zero. Since Supp<^2 = Psl\ we have ^2(1) = 
and hence ip 2 £ K x . Since k x is irreducible ip(<f2) 7^ and the P-equivariance 
of ip gives: 

^HA^Wj [ f)t^(if 2 )). (3) 

This equality coupled with the argument used in the proof of 14.41 implies that 
i/j(<f2) is fixed by ^ . Since ^ is P-equivariant VKv^) is fixed by ii fl P. 
The Iwahori decomposition implies that ip{if 2 ) is fixed by I\. 

So /1 fixes Hip [if 2) and / acts on Uifj(if 2 ) via the character Hence (K . 
Thp(if2)} is a quotient of Indf" x- Now 
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E (J *( n ^ 2 )) = n E (J ^) = x ^ * °- 

If xlrnx 7^ X s |Tni^ then this implies that (K . H0(<^2)) — Indf x, and hence 
(if . Tp(cp2)} — or. If x\tdk = i> ° det for some ■?/> : o x — > F* then the above 
equality implies that if n0((^ 2 ) and ip{<f>2) are linearly independent then 

(if.n^ 2 )) = Indf X , 

otherwise 

(if.n^W) = St®V°det, 

where St is the lift to if of Steinberg representation of GL 2 (F g ). In both 
cases we obtain that (K . ^(<p 2 )) — St®?/' o det = a. Hence, (G . ^(^2)) 
is a quotient of c-Indp X ^er. The equation (jHJ) and Lemma l3.ll implies that 
(G . ip(<f2)) is a quotient of 

c-Ind^x K a/(T - A) = Ind^ 

Hence, t is also surjective. □ 

Corollary 5.5. Suppose that x X s an d ^ ft be a smooth representation 
of G then 

Hom G (ind£ x, ?r) = Hom P (Indp x, n"). 

Proof. Let ^ G Homp(Indp it) be non-zero. It follows from Corollary 15.21 
that the composition 

Indp x -> 7T -> 7r/(G . 

is zero. Hence the image of ^ is contained in (G . i/)(k x )). It follows from 
Theorem 15 .41 applied to n = (G .%/j(k x )) and the irreducibility of IndpX that 
Indp x is isomorphic to (G.ip(K x )) as a G-representation. The G-equivariance 
of ip follows from Corollary 15. HI □ 

Corollary 5.6. Let 71 be a smooth representation of G, then 

Hom P (Sp, tt) = Hom G (Ind^ 1, tt). 

Note that, Hom G (Sp, Indp 1) = 0, but Hom G (Indp 1, Indp 1) ^ 0, so the 
above result cannot be improved. 
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6 Applications 



Let K he a complete discrete valuation field, O the ring of integers and wk a 
uniformizer, and we assume that O /w^O = F p . We will extend the results of 
previous sections to smooth 0[G] modules of finite length, and, after passing 
to the limit, to unitary i^-Banach space representations of G. 

Theorem 6.1. Let it and tt' be smooth 0[G] modules and suppose that ir is of 
finite length, and the irreducible subquotients of it admit a central character. 
Let (p G Homc)[p](7r, ir') and suppose that (f> is not G-equivariant. Let r be be 
the maximal submodule ofn, such that <p\ T is G-equivariant, and let a be an 
irreducible G-submodule of ixjr, then 

a ^ Sp®5 o det, 

for some smooth character 5 : F x — > F* . Moreover, choose v G 7r such that 
the image v in o~ spans a 11 , then 110(f) — 0(ITt>) ^0, ro^(I10(f ) — <p(Ilv )) = ; 
and 

g(U</>{v) - <j>(Uv)) = 5(det g){U<j>{v) - <f>{Uv)), Vg G G. 

Proof. We denote by Ind^ n' the space of smooth functions from G to the 
underlying O module of 7r', equipped with the G action via right translations. 
Let a : n — > Indf ir' be a P-equivariant map, given by 

H w )](fiO = 9<t>(w) - 4>{gw), Vw G 7r, \/g G G. 

Then r = Kera. Hence a induces a P-equivariant map 

a : a — > Ind 1 n . 

Suppose that a is G-equivariant, then 

[g-^gvW) = [g-'aigvm) = [a(v)](l) = [a(v)](l) = 0. 

Hence, g<p{v) = 4>{gv), for all g G G. So the maximality of r implies that 
a is not G-equivariant. Hence Theorem 14.41 Lemma f5.lt Corollaries 15.51 and 
15.61 imply that 

a = Sp <g><5 o det 
for some smooth character 5 : F x — > F , and 

(G.a(v)) ^ Ind£ 1 <8> 5 o det . 
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After twisting we may assume that 5 is the trivial character. It follows from 
PQ Theorem 30(1) (b) that 

Hom G (Ind£ 1, Ind£ 1) = F p . 

Corollary 15.61 applied to tt = Indp 1 implies that a(v) is a scalar multiple 
of the function denoted tp2 i n the proof of Theorem 15.41 By construction 
a(v) = a(v). Hence, a(v) is fixed by I\ and Ua(v) + a(v) spans the trivial 
subrepresentation of G. In particular, 

[Ua(v)](l) + [a(v)](l) = [hUa(v)](l) + [ha(v)](l), V/i G P. 

Since is P-equivariant we obtain: 

110(f) - (j)(Tlv) = h(U(f)(v) - (f>(Uv)), V/i G P. 

Suppose that 110(f) = <f)(Uv). Since a(v) is Ji-invariant we obtain 

hUu(j){v) - (p(hUuv) = [ua{v)](hU) = [a{v)](hU) = h(U(f)(v) - 0(lk>)) = 0, 

for all h G P and u G 1%. And 

hu(f>{v) - (p(huv) = [ua(v)](h) = [a(v)](h) = 0, VmG h,Wh G P. 

Since G = Pl\ U PIIJi, we obtain that g(f)(v) = (f)(gv), for all g G G, but 
this contradicts the maximality of r. So 110(f) — 0(Hf ) ^ 0. Since a is 
irreducible zukv = 0, and hence 

[w K a(v)](U) = vj k (U4>(v) - 0(nf )) = 0, 

so C(I10(f ) — 0(Hf )) = Fp(I10(f ) — 0(llf )). Lemma EH] implies that G acts 
trivially on 110(f) — 0(llf). □ 

Corollary 6.2. Let tc and by tt' be as above and suppose that i/Sp®5 o det 
is a subquotient of tt then 5 o det is not a subobject of tt' then 

Homc(7r, tt') = Honip(7T, tt'). 

Definition 6.3. A unitary K-Banach space representation U of G is a K- 
Banach space II equipped with a K-linear action of G, such that the map 
G x II — > II, (g, v) i— > gv is continuous and such that the topology on U is 
given by a G-invariant norm. 
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Corollary 6.4. Let Hi and II 2 be unitary K-Banach space representations 
of G. Let and ||.|| 2 be G-invariant norms defining the topology on Hi 
and n 2 . Set 

Li = {v E IIi : N|i< 1}, L 2 = {v e n 2 : ||v|| 2 < !}• 

Suppose that Li <S)o F p is of finite length as 0[G] module and the irreducible 
subquotients admit a central character. Moreover, suppose that z/ Sp ®<5 o det 
is a subquotient of Li®e>F p; then £odet is not a subobject of L 2 ®o^p, then 

C G {U U U 2 ) = C P {Ui,U 2 ), 

where £(IIi,n 2 ) denotes continuous K-linear maps. 

Proof. Corollary 16.21 implies that for all k > 1 we have 

Rom G (Li/uj k K Li,L 2 /w k K L 2 ) = Rom P (Li/w k K Li, L 2 /w k K L 2 ). 

Since RomoiLi/w^Li, L 2 /iu k < L 2 ) = Homo(Li, L 2 lw\L%) by passing to the 
limit we obtain: 

Hom G (Li, L 2 ) = Hom P (Li, L 2 ). 
It follows from t 5 Proposition 3.1 that 

C(U U n 2 ) = Hom (Li, L 2 ) ® a K. 

Hence, 

C G (Ui, n 2 ) = Hom G (L 1 , L 2 ) (g) K = Hom P (L ll L 2 ) ® a K = C P (U U Tl 2 ). 

□ 

Proposition 6.5. Let n be a smooth 0[G] module of finite length, and sup- 
pose that the irreducible subquotients of tt are either supersingular or char- 
acters then every P -invariant O-submodule of tt is also G-invariant. 

Proof. Let tt' be 0[P] submodule of tt. If a is an irreducible subquotient 
of tt then by Theorem 14.31 a\ p is also irreducible, hence tt and tt' are 0[P] 
submodules of finite length. 

Let r be an irreducible (9[P]-submodule of tt'. Since tt is a finite length 0[G] 
module, the submodule (G . r) is of finite length. Let a be a G-irreducible 
quotient of (G . r). Since r generates (G . r) as a G-representation, the 
P-equivariant composition: 

r ^ (G.t) -><t 
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is non-zero, and since r is irreducible, it is an injection. Now a\p is ir- 
reducible, so the above composition is an isomorphism. Theorem 14.41 and 
Lemma 15.11 imply that r is G-invariant and isomorphic to a. By induction 
on the length of tt' as an 0[P]-module tt'/t is a G-invariant (9-submodule of 
7t/t. Since tt' is the set of elements of tt whose image in tt /t lies in tt'/t, tt' 
is G- invariant. □ 

Corollary 6.6. Let II be a unitary K-Banach space representation of G, let 
. be a G-invariant norm defining the topology on II. Set 

L = {v G II : ||u||< 1}. 

Suppose that L £g>o F p is a finite length 0[G] module, and the irreducible 
subquotients are either supersingular or characters, then every closed P- 
invariant subspace of U is also G-invariant. 

Proof. Let LTi be a closed P-invariant subspace of IL Set M = Hi D L, 
then M is an open P-invariant lattice in III. Proposition 16. 51 implies that for 
all k > 1, M/w k K M is a G-invariant (9-submodule of L/w k K L. By passing 
to the limit we obtain that M is a G-invariant O-submodule of L. Since 
Hi — M Cg>o K we obtain the claim. □ 
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